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Abstract: We study the constraints of supersymmetry on flavour in recently proposed 
models of F-theory GUTs. We relate the topologically twisted theory to the canonical 
presentation of eight-dimensional super Yang-Mills and provide a dictionary between the 
two. We describe the constraints on Yukawa couplings implied by holomorphy of the 
superpotential in the effective 4-dimensional supergravity theory, including the scaling with 
cxgut- Taking D-terms into account we solve explicitly to second order for wavefunctions 
and Yukawas due to metric and flux perturbations and find a rank-one Yukawa matrix 
with no subleading corrections. 
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1. Introduction 

The flavour mass hierarchies of the standard model are a tantalising hint towards deeper 
and more fundamental structures in theoretical physics. As a candidate fundamental theory 
string theory is a natural arena in which to study this topic. There has been recent interest 
in F-theory model building, in part motivated by the ability to obtain anO(l) top Yukawa 
coupling. These models were originally proposed in [1, 2] (see [3-28] for some further 
developments). Flavour physics in these models has been studied in [9, 10, 13, 17-19, 27, 
30]. The models describe locally intersecting 7-branes within a Calabi-Yau four-fold by a 
Higgsed twisted 8-dimensional gauge theory. The Higgsing induces localised zero modes 
along curves in the four-dimensional manifold S wrapped by the 7-brane. In the presence 
of flux, these zero modes correspond to chiral matter fields in the four-dimensional effective 
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GUT. The existence of a tree-level top Yukawa coupling requires the gauge theory to have 
an underlying exceptional gauge group, thereby enforcing the non-perturbative F-theory 
approach. 

Following the initial work an attractive proposal was made in [10] where the hierar- 
chical structure of the Yukawas was proposed to arise from a rank one Yukawa matrix via 
perturbative corrections in powers of flux. Furthermore the perturbative parameter was 
argued to be related to the GUT gauge coupling. The resulting CKM matrix, following 
some assumptions regarding order one factors and the loci where up-type and down-type 
Yukawas where generated, took a phenomenologically attractive form. This proposal was 
studied in more detail in subsequent papers [18,24,27]. These papers, as initial studies of 
flavour, did not deeply explore the effects and constraints of super symmetry. The aim of 
this article is to study the connection between these proposed models of flavour and the 
constraints arising from supersymmetry. 

This paper is organised as follows. In section ^ we review the topologically twisted 
theory as described in [2]. In section |3| we relate this theory to dimensional reduction 
of the canonical presentation of 8d super Yang-Mills. We show how the the equations 
of motion and Yukawa coupling take an identical form in the two approaches and give a 
dictionary between the two formalisms. We show how solutions to the equations of motion 
are unaltered under overall metric rescalings. This is important since the volume of S gives 
the gauge coupling of the effective four-dimensional GUT. We relate this to the constraints 
required by holomorphy of the effective 4d supergravity theory and explain why oqut must 
appear universally in the Yukawa couplings. 

In section |] we study more specifically the equations of motion. In particular we study 
the effect that solving the D-terms has on the form of the localised matter wavefunctions. 
For general flux a flat metric on S no longer solves the D-term equations. In order to 
maintain supersymmetry the metric is deformed, modifying the equations of motion and 
subsequently the matter wavefunctions. We solve for the corrected wavefunctions at leading 
order in the perturbations. We find that the metric perturbations dominate over the flux in 
the wavefunctions and give the leading corrections to the fluxless flat-metric case. Finally 
we use the resulting wavefunctions to calculate the resulting Yukawa couplings. We find 
that, other than the tree- level top Yukawa, all the Yukawa couplings vanish exactly. 

Note added 

While this manuscript was in preparation the paper [30] appeared studying similar is- 
sues. There the vanishing of the Yukawa couplings was demonstrated and explained at a 
deeper level than that which appears in this paper. We refer the reader to [30] for a more 
fundamental explanation for the vanishing of Yukawa couplings. 

2. Local models of intersecting branes in F-theory 

In this section we review the topologically twisted theory of [2] that describes local models 
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of intersecting 7-branes in F-theory. In section ^ we shall relate this theory to the direct 
dimensional reduction of 8-dimensional Super- Yang-Mills (SYM) and provide a dictionary 
between the two formulations. 



2.1 Effective theory for intersecting 7-branes 

The relevant theory is an 8-dimensional twisted (off-shell supersymmetric) gauge theory, 
with gauge group G, describing a 7-brane wrapping a 4-dimensional Kahler hypersurface 
S. For a local model S is a shrinkable manifold (more formally it has an ample normal 
bundle) within a Calabi-Yau (CY) 4- fold X. The 8-dimensional fields are given in terms 
of adjoint valued, S-valued, 4-dimensional N = 1 multiplets 

Am = y-Afh , ipfh > ) , (2-1) 
*&mn — \}pmni X.mn: ^rnri) > (2-2) 

V = (ji,A IM ,D) . (2.3) 

The indices on the fields denote their form-values on S. So for example G Clg (8> ad(P) 
where fig denotes holomorphic p-form on S and P is the principle bundle (in the adjoint 
representation) associated to the gauge group G. Here A and are chiral multiplets with 
respective F-terms G and H. V is a vector multiplet with D-term D. A^ and (p mn are 
complex scalar s while ip m , Xmn, and r\ are fermions. 

The action for the effective theory was given in [2]. Setting 4-dimensional variations 
of the fields to zero, the equations of motion that follow are 

H - F (2 ' 0) = , (2.4) 

i [if, 0\ + 2u A + * S D = , (2.5) 

2ioj AG - 5 A y = , (2.6) 

-dH + 2uAdD + GA<p-x/\4>- ttVZoj A ?? A V = , (2.7) 

wA0 A V + ^[frx]=O, (2-8) 

BaX - 2iV2u A d A ri - [<p, ij>] = , (2.9) 
8 A ->l>-y/2[<p,Tj\ = 0, (2.10) 

-\/2[^x]-^G-i[^,V] =0. (2.11) 

These are the equations that we work with in this paper and they apply to a general Kahler 
manifold S of large enough volume to neglect a' corrections. Equation ( |2.4[ ) imposes that 
the flux must be of type (1,1). Equation ( |2.5| ) is the D-term equation that we discuss 
in detail in section ^4]. In this paper we are concerned with vacua where the vacuum 
expectation value (vev) of 93, denoted (ip), and that of Afn, which is responsible for the 



flux, take values in the Cartan of G. Therefore equation (2.6) just imposes that (<p) is 
holomorphic 

B A =d(<p) + [A, (ip)} =8(<p)=0. (2.12) 
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We are interested in solving the equations on a vacuum with 

(X) = W = (V) = , (2.13) 



which means that, using equations ( |2,4| - |2.6D equations (|2.7| ) and ( p. 11 ) are satisfied. Equa- 
tion ( |2.10| ) follows from ( |2.9D once ( 2.13| ) is imposed. 



We take the manifold S to be Kahler and spanned by two complex coordinates z\ and 
Z2- We will also restrict to the metric ansatz 

ds 2 = h\ (zi, zi) dz\ ® dz\ + h,2 (z2, z^) dz2 &) dz~2 > (2-14) 

where h\ and /12 are general functions of z\ and Z2 respectively (this is the form of the 
metric we will use when solving for explicit wavefunctions in section |]). The corresponding 
Kahler form is given by 

% % 
uj = -h\dz\ A dz\ + -ti2dz2 A dzg • (2-15) 



Putting this into (2.4- p.ll ) the relevant equations read 

h\d A 2^2 + h 2 dAiil)i - [<p, x] = , (2.16) 

d A iX-y^i}=0, (2.17) 

&MX-[<P,ik] = 0, (2-18) 

where by abuse of notation we have relabeled ip\2 —> f and X12 - > X- Apart from these 
equations we also have the D-term equation (|2.5D . 



2.2 Zero modes and Yukawa couplings 

Consider turning off the flux so that there is no gauge field background. We then turn on 
a vev for 93 given by 

(ip) = m\ziQi + 1T1IZ2Q2 ■ (2-19) 

Here Q\ and Q2 are elements in G. In this paper we perform the simplification mi = m,2 = 
m and define 

v = —= . (2.20) 

Since there is no flux the D-term equation is solved identically and we are free to consider 
a flat metric background h\ = h 2 = 1. The equations of motion to be solved then read 

d 2 il>2 + dxtk - - (ziqx + z 2 q2) X = , (2.21) 
v 

diX ~ - {zm + Z2Q2) ^1 = 0, (2.22) 

£>2~X - - (ziQl + Z2Q2) ^2 = 0. (2.23) 

V 

Here q\ and q2 are the charges of the fields under Q\ and Q2- For simplicity consider the 
case qi = 1 and q2 = 0. Then the equations have a localised solution given by 

X = f(z2)e-^ . (2.24) 
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Here and in section 0, when presenting a solution we only present the expression for x 



since the expressions for ipi and ife can be determined directly from it using (2.22) and 



(2.23). This is a localised zero mode which can be thought of as strings stretching between 
two 7-branes that are intersecting along z\ = 0. If we decompose the 8-dimensional fields 
into external space-time 4-dimensional components and internal 4-dimensional components 
along S we see that the equations imply that the external 4-dimensional components of x, 
ipi and ip2 are au equal and they count as a single 4-dimensional zero mode. 

If flux is turned on there are two changes: the form of the internal wavefunctions 
changes and the number of zero modes can change. The change in the form of the wave- 
functions is a local effect that we calculate explicitly in section ||. The replication of zero 
modes is of course the family index and depends on the global properties of the flux. In a 
local model we decouple the connection between the flux and the zero mode replication. 

The Yukawa couplings are associated to wavefunction overlaps on a point of intersection 
of three curves where the gauge symmetry is enhanced. For example the bottom type 
Yukawas are associated to a point of SO (12) gauge symmetry. The matter arises from the 
decomposition of the adjoint 

SO {12) D SU(5) x U(l) a x U(l) b , (2.25) 

66 -> 24(°'°) e i<°'°) e i<°'°) e (5 e s)^ 1 ^ e (5 e g) (1>1) e (10 e io)^ , 

where the superscripts denote the charges of the 5 and 10. Then we see that the 5#5m10m 
Yukawa, corresponds to curves of charges (—1, —1), (1,0) and (0, 1) respectively. We label 
the matter from each of the three curves with the index A = 1,2,3 corresponding to 5#, 
5m and 10m respectively. The fields are therefore the sum over the localised solutions 

X = J>\ ^> = J> A . (2.26) 

A A 

Since the equations of motion are linear they exactly decouple and can be solved separately 
for each component. 

There is also a family index a = 1,2,3 which counts copies of the zero modes associated 
to global properties of the flux. A four-dimensional <p field is then labeled by 

^(A,a) . | x (A,a)^(A,a)^(A,a)j ^ 

Since there is only one Higgs generation for A = 1 we only have a = 1. 

The relevant Yukawa coupling are the sum over all the terms arising from 

iAiA$ = - / $\Mjfi 2 2Tr ([ti,tj] t k ) dzi A dz\ A dz 2 A dz~ 2 . (2.28) 
s Js 

Here t{ are generators of the point gauge group SO (12). Under the decomposition these 
correspond to curve indices, A in ( |2.27| ), with 

A = 1:5 H , A = 2:5 M , A = 3 : 10 M ■ (2.29) 
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We therefore obtain the Yukawas 



Y 



ab 



?l ?3,b ~2,a i ?2,o 71 -3,, 



(2.30) 



Here e is the canonical volume form as in ( 2.28 ). The constant a is a normalisation factor 
which is used to normalise the top Yukawa to 1. 



3. Relationship to Super Yang-Mills 

Above we have reviewed, following [2], the topological equations for the dynamics of the 
8-dimensional field theory. In this section we show how these equations arise from direct 
analysis of the canonical 8d SYM Lagrangian and provide a dictionary that translates 
between the fields of the canonical presentation of 8d SYM and the fields of the topologically 
twisted theory used in [2]. While ultimately the equations are identical, this provides an 
alternative perspective on the topological theory of [2] and may make certain properties of 
the theory more intuitive. 

8d super Yang- Mills is most easily obtained by dimensional reduction of the lOd theory. 
The lOd action is 



/ 



Jg d ™ x L l T r (F MN F MN ) - iTr {\T M V M X)^ , (3.1) 



where A is a Majorana-Weyl spinor and T>mX = d m X — i[A m ,X]. Dimensional reduction 
gives the 8-dimensional action, 

J d 8 x^g ^ — ^ Tr ( Fmn F mn ) - ^TT(V M (f>V A U*) + quartics - ^Tr(XT m D m X) + |AT""[0 r , A] 

(3.2) 

We drop quartic scalar interactions as they are not relevant for our purposes. 

Let us now describe A. It is convenient to view A as a 10-dimensional Majorana-Weyl 
spinor with 8 complex degrees of freedom (before imposing equations of motion). We 
follow [29] to write the flat space gamma matrices as (fi = 0, 1, 2, 3, m = 4, 5, 6, 7, r = 8, 9) 

with 

H° «)• Hx)' Hx\ 

^ = (0-a\ ~2 = (0a z \ 3= (0a x \ , = (0a y \ 5 (l o\ 
7 U I ' 7 \a z I ' 7 { a x I ' 7 \a y J ' 7 I I ) ' 
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and 



T" = (Tx = 



1 

1 



-i 

1 



Using u to denote the complexified 8,9 directions, we also note 



r =a x + ia v 



1 




t u = a x - ia v 





1 



Spinors can be decomposed by their chiralities under each of the three (4d + 4d + 2d) 
components of the gamma matrices. The Majorana condition can be written as A* = B\, 

where b = r 2 r 4 r 7 r 9 . 

As in [29] it can be shown that a general Majorana- Weyl spinor can be written as 

A = (Ai + A 4 ) (A 2 + A 3 ) (3.3) 

where (Ai, A2, A3, A4) = {X aba , X a ba , X ab a , X a b a )- Super/sub scripts indicate positive or neg- 
ative chirality in that direction. The notation (A1 + A4) indicates that the components of Ai 
and A4 are not independent: they are related by the Majorana condition. More precisely, 
we have 



Ai + A 4 
A2 + A3 



6 

V 



<8) 



i>2 
















-iCTylpl 








-m 



1V2 



(3.4) 



A4 and A3 correspond to the CPT conjugates of Ai and A2 respectively, and thus do not 
represent physically distinct degrees of freedom. 

For the extra-dimensional spinor components we will also often write 

V>2,1 



Ipl 
1^2 



(3.5) 



\ ^2,2 / 



3.1 Equations of Motion 



We need to account for the non-trivial metric on the surface wrapped by the branes. For 
this we suppose we start with a metric of the factorised form 



ds 2 = 4hi(z, z)dzdz + 4fi2(w,w)dwdw, 



(3.6) 



so g z2 = 2hi(z,z),g. 
given by 



oh 



= 2h 2 (w,w),g z ~ z = 2K^J),9 W ™ = 2h 2 (w,w) - The s P in connection is 
\e w (d,e b u - d v e\) - \e hv {d,e a u - d u e«) - \e^ a e° h (d^e ac - d a e^ c ) e°. (3.7) 
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Here a, b are the vielbein indices with a flat metric while v are the spacetime indices that 
run over z, z, w, w. As a vielbein we take 



h 2 



/; 2 



0. 



4 = o. 



-ih{ , 



0, 



4 = o. 



o, 



e| = 0, 



fr 2 



p 3 _ L 2 



e\ = 0, e\ = 0, 



- ihl , 



p 4 — — ih 2 



From these we can compute the non-vanishing elements of the spin connection to be 



i 

2h 2 



u}f,t — —^—d w Ii2, 



2Jn ' z 2/ti 
We also need to determine the gamma matrices. We have 

-1/2 



wf 7 f — du,fl2- 



2h 2 



- 7 zl ~ z2 ~ ^1 

7 = e 7i + e 72 = -^tt~ 17i ~ 272) , 



7 2 = e 51 7i + e 22 72 



1/2 



(71+272), (3.8) 



7 



/i 9 



/lo 2 



"'- " 2 (73-274), 7™ = ^(73 + 274) 



(3.9) 



Therefore we can write 



/0 -2i0\ 



\0 2i J 

/o o\ 

2 

\2 0/ 



7 



7" 



h 2 2 



( \ 
-2t 
2i 

\ / 

/0 2\ 



2 

\0 0/ 



(3.10) 



For the spin connection we need \^ M ojM,a/3 [~f a , I 13 ]- As [7 1 ,7 2 ] = — 2i 



<Jz 
-a, 



\l 3 , 7 4 ] = 2z | z ^ ) , we have 
\ a z ) 



4/li I -C7 2 



fa/3 



7 ,7 



4/ii 



d 2 

-a 2 



1 



7°,7 /3 



g^2 / 0" 2 
4/l 2 1 G Z 



1 



7°,7 /; 



^tp/22 / cr 2 
4/i 2 1 a z 
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Putting these together we obtain 

/ 



7 M dM + jj M UMapl 



1 



M, 












Ahi 
"T7T7 



1 (a_ i gafca ^ \ 



1 I a i d w h 2 
Ah 2 



\hl 



■ J r[dw + 



1 I a_ i 9m ^2 

r rn + 4h 2 



h{ 











(3.11) 

where 7°^ = i[7 a , 7^]. We need to twist this operator to account for the nontrivial metric. 
The twisting corresponds to an additional gauge field in the canonical bundle. To determine 
this, let us first recall that a metric 



ds 2 = Ahi(z, z)dzdz + 4h 2 (w,w)dwdw, 



(3.12) 



has 



d z hi 



d w h 2 



dwh 2 



L ' ZZ t 1 ~ WW 7 1 * WW 1 

hi hi h 2 h 2 

The twisting corresponds to a gauge field in the canonical bundle. A gauge field with M 
units of flux in the zz direction and N units of flux in the ww direction has 

. iMd z hi . iMdghi . iNd w h 2 . iNd w h 2 



4/n 



4/n 



4/i, 



Ah 9 



The factor of i/4 can be determined by reference to the case of P 1 x P , for which z and w 
parameterise the two separate P 1 s. This gives 



7 "M + ~£i U Ma/37 - H A M 



(3.13) 






dzhi 



hi 








xfe + ^(l-M)) 1 (^ + »(l + iV))\ 



ft 2 v 

4(^ + %rr(i-A0 












V h 

As discussed in [2,29], the left- and right-handed spinors ipi and ip 2 have opposite R-charges 
and so should be twisted in opposite directions. To accomplish this we modify the Dirac 
operator Q3.14 ) by 



(M, N) -> (M, N) + (1, 1) 

(M,JV)->(M,JV)- (1,1) 
The twisted Dirac operator is then 



for (-01,1, ^1,2) 
for (^2,1,^2,2) 



1 



a/3 



M 



(3.14) 
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1 



0„ 



d- z + %^(2 + M)) A- (a® + %^(2 + iV)) 
^ -X- (d - M 9zh A 



d w - N 



d w h 2 
4/i 2 



V 

For compactness we write 
1 



^M(2 -TV) 








7 



a/3 



i 7 M A 



twisted,M 




d- z + 






(3.15) 



Note that for M = N = 0, ^2,2 = 1 is a solution to 7 = 0. This corresponds to the 

constant gaugino zero mode which should exist for arbitrarily curved spaces. The general 
solutions are 

M+2 AT \ 



{^1,1 \ 

V>1,2 

V ^2,2 J 



( h x 4 h 2 *ip(z,w) 

M JV+2 

/i/ fr 2 4 ip(z,w) 

M-2 N-2 

M JV 



(3.16) 



M _ JV 

4 /t 2 4 v(^,^) y 



To study, at least locally, intersecting branes we also need the profile for the Higgs 
field, namely the complex scalar <p that is present in the 8d SYM theory. In an untwisted 
background this field would satisfy 



dz4>u = 0, d z (p a = 0, du,i 
Zero mode solutions are therefore given by 

d z hi 



V Z (j)y 



M 



0, d u 



0, 



0. 



and so 4>u = h 1 



M/4 



(z). Including also the w direction we obtain 

4>u = /if f/4 /i 2 v/4 0(^,w), 



(3.17) 



where 4>(z,w) is antiholomorphic. This field has i?-charge 2 in contrast to the fermions 
which had i?-charge 1. So when we twist the theory we need to modify the equations of 
motion by two units of flux, (M, N) — > (M — 2, N — 2), rather than the single unit of flux 
that applied for the fermions. The fact that M — > M — 2 rather than M — > M + 2 is by 
analogy with the twist for ^3 which is the fermionic partner of <j>. 

The Higgs field whose vev separates different brane stacks is only charged due to the 
twisting (as it is valued in the Cartan it is uncharged under any gauge flux that is turned 
on). So in fact the twisting gives the sole 'gauge' contribution to the wavefunction, and we 
have 



h 1/2/i 2 1/2< ; 



4>u = h^ 1/2 h 2 1/2 (j)(z,w). 



(3.18) 
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In order to use this vev to determine the twisted fermionic equations of motion we need to 
compute — iT T [0 r , A] . Now, 



T u = 2 
With 



I 
—I 



I 
—I 



Ai 



1 




r fi = 2 



i o 

—I 



I 
—I 





1 



1p 2 



we therefore obtain 

i(r> u + r> fi )(Ai + A 2 ) = 2i<p u 



02 



2i<f>u 











(3.19) 



The equations of motion j m Dm^ — ^r r [0 r , A] = can also be written using fl3.15| ) as 



P+Vi + 2i<j) u i> 2 = 0, 
V^ 2 - 2i0 5 -0l = 0. 



(3.20) 
(3.21) 



Writing out (^20|) and (^2l|) gives 



V 



-1 (a*, - iv 



4h 2 



d z hi 



4/ii 



/^(^ + %^(2-Af)) ^(^ + iV%g 




-2i(f> u 



02,1 
■02,2 



+2i6 u 



^1,1 

01,2 



(3.22) 



(3.23) 



As we do not want to excite the gaugino we put -02,2 = 0. The second set of equations 



( 3.23 ) then gives 



T d z + 



h{ - 

— \9w + 

h\ V 

Let us rewrite these equations as 

V z (hfhli> 2 ,l 



4/ii 

d w h 2 
4/i 2 



(2-M)J ^2,1 = 2^01,1, 
(2 - N) ) fc x = 2*^0^,2. 



a *- J^*) (44^,i) = 2^|4(-^'j.i ) - 



N 



11/ i 



£>kj h\ "02,1 J = (<9u> - -^-d w h 2 ) [hm^2,\j = 2cpuhm («'/i2'0i,2 
Using ^2,2 = in ( |3~22| ), and also ( |3725| ) and ( p6|) , we obtain 



(3.24) 

(3.25) 
(3.26) 



-V, 



1 1-^2 



-V, 



1 1 ^UJ 

Suhm 



M hi 1^2,1 



(3.27) 
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Note ( 3.27| ) is automatically satisfied provided (fruhjh% is an anti-holomorphic function of 
z and w, as indeed occurs using (|3.18|) . The commutator [D Z ,D W ] gives a factor of flux 
F zw which vanishes for the factorised metric form used. 



The upper equation of ( p. 22 ) likewise gives 



h 2 V- z -hlih,i + hxV* ih^ 1>2 =2 hlhl4> u hm^> %1 . 



, 2 „/. _ 1 —if 1,21,2 J, 1 / ?, 2 f, 2 , 



(3.28) 



Putting (pu = h 1 2 h 2 2 as in ( |3.18j ) (and introducing a factor of 2 for convenience), 

equations ( pT28D (Q), ( pT26D and ( &2l\ ) become 



h 2 V z ( —/if ) +hiT^w yih$tpi >2 



Z,W) flf/if -02,1 



Z,w) ( ^1^1,2 I , 



1 



(2\,X> 2 - P^) hm^i = 0. 



(3.29) 
(3.30) 
(3.31) 
(3.32) 



Equations fl3~2~9p to (^32|) can be identified with those coming from the topological 
theory of [2]. In fact, these equations are precisely identical (up to a complex conjugation 
which comes from choice of conventions) with equations ( |2.16| ) to ( p.!8| ). The dictionary to 
map between the two formulations, namely direct reduction of Super Yang-Mills and the 
topologically twisted theory, is given by 

I I I I 

-h{ll)l,l\sYM -> tf>z\twist, ihilpl^lsYM ->■ tf>w\twist, h{ /l| 1p2,l\sYM -> X*\twist, 

MsYM iA\twist, i>2,2\SYM — > A, 



l l 
h 2 <t>\sYM 



\twisti 



We can verify these identifications by applying them to the normalisation of the kinetic 
terms. The normalisation prefactor for the kinetic terms is given in the 8d SYM theory by 



applying to all fermions (we shall tend to use y for internal integrals over S and x for 
integrals over 8d space or 4d non-compact space). Using the above dictionary it is easy to 
see that the kinetic terms are 



d 4 y y/gipi,^!,! ->• J d 4 yh 2 iJ z 'il> z , 



d A y \[g^\^\,i 

d 4 y 



d yhiipwipw, 



j4 * 

d yx x- 



(3.33) 
(3.34) 
(3.35) 
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The terms on the right-hand side are precisely those emerging from the kinetic terms 
J u) A A A A and / x A X h 1 the Lagrangian in the appendix of [2]. In this way we see that 
the different kinetic terms for matter in the topologically twisted theory all arise from the 
same term J ^fgip^ijj in the super Yang-Mills theory. 



3.2 Yukawa Couplings 

The Yukawa couplings of the topologically twisted theory can be related to Yang-Mills 
theory in the same way the equations of motion can. In dimensional reduction, all Yukawa 
couplings arise from the trilinear interactions in the Yang-Mills Lagrangian. This section 
will in part follow [29], but will extend and improve the discussion from that paper. 

In the super Yang- Mills theory the Yukawa couplings all descend from the terms (drop- 
ping overall constants) 



J d 8 x^g 



Tr (VT M A J M \ K ) + Tr (A 7 r> r J A*) 



(3.36) 



Here /, J, K are family indices. Both these terms contribute to Yukawa couplings and we 
consider them separately. Let us start with the second case, where the bosonic field comes 
from the transverse scalar <p J . In this case 

r ° r "=("Hs -,)*<'■>■ < 3 - 37 > 

which gives a chirality flip in both the 0,1,2,3 and 8,9 directions. To obtain a non- 
vanishing integral we therefore need A/ and Xk to be either both of the form (Ai + A4) or 
both of the form (A2 + A3). 

We first assume the form A/, Xk = (Ai + X^j^k, when the total Yukawa interaction is 
Cyuk = J Vgd 8 x ^x\jT T M Am,jX± : k + X\ I T°T M AmjX^^k 




((Ux)Uk(x)) (4,i(y)My)) (° *k (a0 ) (r a <Paj) ( 64 A ■ (3.38) 



Using the relations ( |3.4D , we can put all expressions in terms of Ai alone, eliminating all A4 
dependence. As A4 corresponds to the CPT conjugate of Ai, by working only with Ai we are 
in effect working only with left-handed spinors, treating these as fundamental as in the usual 
approach to constructing super symmetric Lagrangians. We also take ( 9\(z) ) = ( 1 ) 
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as the transverse direction is trivial. We obtain 

Cyuk = 2 J d A x {iu{x)a y i 1K {x)^,j{x)) j ^/gd 4 y {i>u(y)cr y ipiK(y)) <f>u,j(y) + 

2 J d 4 x (iUx^ytiK^uA*)) J Vad A y (4i(y)^l K (y)) <t>u,Ay) ( 3 - 39 ) 
= 2/ d A x {£,u(x)ay£ 1K (x)(f>u,j{ x )) / (i , Ti(y) cr y'4>iK(y)) 4>u,j(y) + c-c 



Here <ftu(u)(y) = 08 (y) + ( — )*09(y) and we have a trivial (flat) metric in the non-compact 
directions. Now, 

(r;)(< : ) 

= ^«2<i-<i< 2 )^,J- (3-40) 

The total interaction is therefore 

2z y d 4 x (^ja^i^^j) J V9d 4 y W, 2 <i " <i< 2 ) + cc (3.41) 

There is also another possible term, where we let A 7 = (A2 + A3) and X K = (A2 + A3). 
However these interactions do not give rise to Yukawa couplings. These couplings always 
involve a contribution from ^2,2 • The mode ^2,2 corresponds to the gaugino that partners 
the 4d gauge boson. Such interactions are therefore gauge rather than Yukawa couplings. 

So instead we move on to consider terms coming from the interaction 

Tr(A 7 r M [<,A K ]), 

where we now draw the scalar part of the Yukawa coupling from the Am vector field. In 
this case 

r ° rM= (°o)®( r (3 - 42) 

which generates a chirality flip in both the 0,1,2,3 and 4,5,6,7 directions. In this case 
to obtain a non-vanishing integral Xj and A^ must take different forms. There are two 
options: we first consider the case Xk = (Ai + A4), and Xj = (A2 + A3), and subsequently 
analyse the case Xk = (A2 + A3), A/ = (Ai + A4). 

For the first case the total Yukawa interaction is 
Cyuk = J d'x^g (a* / r°r M A m ,Ai,k + X^jTV A M j\4,k) 

= / **T» [(«J»6.,M) (° *" {y> ) U M A MJ ] (^A «,(-)<>«) + 
(&(»)&,<*)) ( 04 ' (! ") (l M A MJ ) h J ' {y) ) (oU^k) 



(3.43) 
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We again use the relations ( |3.4D to write everything in terms of Ai and A2, and take 
(9i(z) ) = (1 ). The Yukawa interactions then become 



+ / (fx 



4„ UIi(x)<t v Q k (x)Aj(x) 



o4 7 



1 M A MJ 



)\ 



Using the gamma matrices we can now write 



/ -%A Z Au, \ 



7 A M = 2 



A, 



-%A S 



iA 2 A^ 
\A W iA z J 



(3.44) 



with 4>Ja y = i ( -02,2 -^2,1 J • So 



^li°y) (~M A 



M,J 



i>i,K(y) 



v£ 2 -^2,1 



/ -%A{ Ai \ 



2? 



0^ 





J 



<K 



^1,2 


V J 



We also need to evaluate the conjugate expression 



°4j) (jM A \ (^i K (y) 



2i(0 0^<2 



/ -iAi Ai \ 
A w -iA- z 
iA J 2 Ai 
V A J W iAi J 



,K,* 



V J 



Combining these we evaluate flPaD as 



(3.45) 

The first part of this expression we can interpret as a Yukawa interaction. The second part 
(involving ^2,2) should be interpreted as a gauge interaction as it involves the 4-dimensional 
gaugino. 
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Finally we examine the case of X 1 = X\ + A4 and A^ = A2 + A3. This gives 
Cyuk = f d s x^ (xljT ^ 1 A M ,j\ %K + \\jY°Y M A m ,Az,k) , (3-46) 



cf 4 x (cL(x)crj / ^ A -(x)) J d A y*fg 



We find 



We evaluate ( |3.46| ) as 



2 J d 8 x^ (&(*Kkx(zO) «i(^Vi,2 " #1,1^) + < 2 (*As^ - ^1,1)) + cc. 

(3.47) 

As for ( |3.41| ) , the first part of this expression should be interpreted as a Yukawa interaction 
and the second part as a gauge interaction. 

Let us gather together the three contributions to Yukawa interactions from (3.41), 
( 3.45 ) and ( 3.47j ). Put together, these give 



2 J d 8 x^ ^ (eF^f ) [% « 2 <i - <i< 2 ) 4] + (3.48) 



There are a total of six different interactions contributing to Yukawa couplings. Using the 
above dictionary, these Yukawa couplings can be seen to all descend from A 1 A A J A <3? fc on 
cyclically permuting indices. 

As both the equations of motion, kinetic terms and Yukawa couplings are precisely 
the same from both dimensional reduction of super Yang-Mills and via the twisted theory, 
we are free to compute with either. One advantage of the Yang-Mills formalism is that it 
connects with a set of intuitions that are not as manifestly obvious in the language of the 
twisted theory. 

3.3 Holomorphy Constraints on the Effective Theory 

Classical Yang-Mills theory has simple scaling properties and so this suggests that any 
theory which can be related to Yang- Mills simply by field redefinitions should also possess 
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a similar property, namely that rescalings of the metric can have only a very limited effect 
on the physical properties of the theory. 

Let us recall the equations of motion for the topological theory, 

uj A OaiP + ^ [4>, x] = 0, 

d A X-[<f>^}=0- (3.49) 

Here (4>,x) are grouped inside the same superfield <3? as are (A,ip). The Yukawa couplings 
are given by expanding J A A A A and the kinetic terms come from the terms 

d 8 x (-2uj A A a^tp) , J d s x (D^ X A a^x) ■ 
(f> can attain an arbitrary holomorphic vev within the Cartan subalgebra. We suppose 

((j>) = f(z 1 ,z 2 )t 1 + g(z 1 ,z 2 )t 2 

with the matter curves located at / = 0, g = and / + g = 0. 

There is one important and simple set of solutions to ( |3.49 ), given by the rescalings 

(p -)• X(p, 
X -> Ax, 
w -> A 2 x, 

(A ^) -> (AV0- (3.50) 

It is manifest that given a set of solutions to ( 3.49| ) this rescaling provides a new set of 
solutions. The rescalings of ( |3.50D correspond to the overall metric rescaling — > \ 2 gij. 
To see this, note first that this rescales the Kahler form as in ( |3.50| ). The scaling of 4> 
is most easily seen by considering the type IIB case, where <p can be interpreted as the 
transverse separation of the brane stacks. Such a transverse separation grows linearly with 
the overall length scale consistent with ( 3.50 ). x belongs in the same supermultiplet as <j) 
and so scales in the same fashion. 

A does not rescale, and so the unnormalised Yukawa couplings scale as 

A A A A& — > A J A A A A®, 

as every contributing term has one factor of x- The kinetic terms scale as 

uj A A -> A 2 J uj A A aty, j D^ X A a»x -> A 2 J D^ X A a^X, 

and so all kinetic terms scale as Z — > X 2 Z. 

The normalised (physical) Yukawa couplings therefore scale as 

/ A a A A b A $ c A / A a A A h A $ c 1 / A a A A b A $ c 

y/Z a Z h Z c > v /(A 2 Z a )(A 2 Z b )(A2Ze) ~ A 2 ^Z a Z h Z~' 
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The metric rescaling increases the size of the 4-cycle on which the 7-branes supporting the 
Yang-Mills theory live, and therefore rescales olq UT — > \ A a G \j T . Physical Yukawa couplings 
therefore behave as Yjjty* ~ Oq^ t , with cxgut appearing as a universal prefactor. 

This conclusion could have been anticipated based on holomorphy and the structure 
of 4-dimensional supergravity theories. These provide very powerful general constraints on 
the structure of the effective action. The gauge coupling a -1 appears in the action as the 
coefficient of the kinetic term F^F^. In string theory the gauge coupling is dynamical, 
and so is part of a Kahler modulus 1 Tqut = |r + whose imaginary part is an axion 
carrying a perturbative shift symmetry. 

As the imaginary part is axionic there is a perturbative shift symmetry T — > T + ie, 
which implies that T can make no perturbative appearance in the superpotential. Conse- 
quently the superpotential Yukawa couplings cannot depend on ogut, which only enters 
the Yukawa couplings via prefactors derived from the Kahler potential. 

The absence of o-gut from the superpotential is a specific example of a general phe- 
nomenon: as all Kahler moduli have shift symmetries which are exact within perturbation 
theory, the superpotential cannot depend on Kahler moduli. However, from an effective 
field theory viewpoint the superpotential can have arbitrary dependence on complex struc- 
ture moduli and there is no reason not to expect a rank 3 Yukawa matrix. 



4. Wavefunctions and Yukawas with background fluxes 



In this section we explicitly solve the equations of motion to obtain the matter wavefunc- 
tions in the presence of background flux. In section 4.1 we solve the D-term equations 
which require a perturbed background metric and discuss the perturbative expansion used 
in finding the wavefunction solutions. Subsequently in sections 4.2 and |4.3| we present 



solutions to the equations of motion. In section 44 we use the wavefunction profiles to 
calculate the resulting Yukawa couplings, finding no corrections to a rank-1 matrix. 



4.1 Flux solutions to D-terms 



We first set out the background flux configuration. We consider only Abelian flux and so 
there are three relevant generators for a rank 2 enhancement point. We denote these Qq, 
Qi and Q2, with Qq corresponding to the hypercharge flux. We denote the corresponding 
flux and gauge fields with the index / such that 

A = J2 A I = A + Ax + A 2 . (4.1) 
I 

The constraints on the flux from the equations of motion are 

F (2,0) = F (0,2) = _ (42) 
1 We restrict to language appropriate to IIB/F-theory compactifications. 
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We also have the D-term 

co A = . (4.3) 

In this paper we consider the factorised case with no dz\ A dz 2 terms 

F = F^dzi A dz\ + F 22 -dz 2 A dz 2 . (4.4) 

Apart from simplicity, cross terms in the flux do not affect the D-term equation for a 
metric ansatz ( 2.14j ) and so we do not expect new effects regarding their compatibility 
with super symmetry. We take the expansion to first order as in [27] and also define F 
through 

Fn = 2iM + 4« {a\z\ + «i%) = 2iM + iFn , (4.5) 
F 22 = 2iN + 4i (a 2 z 2 + a 2 z 2 ) = 2iN + iF 22 . (4.6) 

Here M, N, a%, F all have a suppressed generator index /. Next we perform a gauge 
transformation as in [27] 

A = A - dQ , (4.7) 
such that Ai = A 2 = 0. The corresponding potentials read 

A x = -2iMzi - 2i [a\z\ + 2a- i _z 1 Zi) , 

A 2 = -2iNz2 ~ 2i {ol2z\ + 2a 2 z 2 z 2 ) . (4.8) 
Taking the Kahler form as 

u = % - (1 + f x ) dzx A dz~x + % - (1 + f 2 ) dz 2 A dz 2 , (4.9) 
the D-term is solved by 

F ~ F ~ 

M = —N , fx = , h = — • (4.10) 

Ji 2N 2N v ; 

This fixes the Kahler form, up to an overall constant rescaling. 2 It is important to note 
that the D-terms require a non-trivial metric background. Note that fx and f 2 are O(l) 
in the flux, which will imply that the leading metric-induced perturbations to the wave- 
functions dominates over the flux-induced perturbations. In turn this will mean that the 
wavefunction solutions that we find will be different to those presented in [27]. 

There are three copies of the equations ( 4. 10] ) due to the generator index /. This then 
implies 

-m v /../ . (4.11) 



where we define rtj through 



Nj Nj 
fx = -2 (nxzx + nih) , 

f 2 = 2 {n 2 z 2 + n 2 z 2 ) . (4.12) 



2 Note that the Bianchi identity for the flux ensures the Kahler condition on the metric. 
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We now give a vev to <p such that 

(<p) = -Qi + -02 • (4.13) 

v v 

The equations of motion to be solved then read 

(1 + fx) (d 2 - iq ■ i 2 ) tp- 2 + (1 + h) (di - n ■ m) i>\~- (*i<& + ^2) X = , 

- - {z\q\ + z 2 q 2 ) $1 = 0, 
v 

d~2X ~ ~ (mi + z 2 q 2 ) $2 = 0. (4.14) 

v 

Here q- denotes contraction into the vector of charges q = (<7oi <7i> 92)- 

In order to solve for the wavefunctions we perform a perturbative expansion. In [10] 
the relevant expansions were identified as the derivative expansion, which is an expansion 
in v 1 / 2 , and the flux expansion, which is an expansion in ajW 3//2 . Which one dominated 
depended on the size of the flux parameters on and their higher order analogues. In our 
case the appropriate expansions are in the metric deformations as these dominate over the 
flux contributions to the wavefunctions. To see this note that the flux contributions to the 
wavefunctions come in at 0(ajt> 3 / 2 ) [10,27], while using the solutions fl4.21| ) we see that 
the leading contribution from the metric expansion comes in at 0(rijV 1//2 ). This is leading 
in powers of v but also note that rtj 3> ct^ since M C 1. In the coming sections we solve 
the wavefunctions to second order in the 'metric' expansion. 3 

4.2 Matter wavefunctions 

The matter curves correspond to the curves z\ = and Z2 = 0. By symmetry it is sufficient 
to solve for one of the curves which in this case we take to be the z\ = curve. In terms 
of the charges defined in section f4.1| the curve corresponds to 

{qo,qi,q2) = (qo, 1,0) . (4.15) 

Since we are only solving the equations of motion to O (zi) = O (y x / 2 ) 4 we can drop the 
flux terms and so the equations of motion read 

(1 + fx) d2^2 + (1 + f 2 ) dnPx - ^ X = , (4.16) 

9iX --^i=0, (4.17) 

v 

d- 2 X --^2=0. (4.18) 

v 



The equations ( [4.17 ) and ( [4.18 ) are trivially solved exactly for ipi and ^2 i n terms of x- 



3 We only calculate the contributions from the fluxes p~6| , i.e. we do not consider higher order terms such 
as fiiz\. For the first order solutions this does not matter since they are subleading, but they could possibly 
compete at second order. This is highly dependent on the choice for the parameters and so for simplicity 
we drop such terms. 

4 Note that a wavefunction solution at O for some r, solves the equations of motion to O (z^" 1 ). 
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The perturbative solutions are based on the zeroth order solution, obtained by taking 
fx = f 2 = 0, which we reproduce here for convenience 



x (°)=g(z 2 )e 



1*11' 



(4.19) 



Here g is a holomorphic function of z 2 which carries a suppressed generation index g a (z 2 ) 
{l, z 2 , z 2 \. The full set of equations are solved to O (z) by the O (z 2 ) solution 



X = x {0) < 1 + 



7 



\zi\ 



y + 7^2 (^W) 



3/ ; 



^ -v\n 2 \ 2 - vn- 2 f 2 {d 2 \ng) (4.20) 



^n 2 . (3 2 d 2 ln 5 ) + {d 2 hxgf 



+ 



\ z i\ 



/I , 1 



1 



+ a^ 2n l ( {d 2 d 2 \ng) + (<9 2 ln#) 2 



+ y (^lng) /i|zi| 2 - ^zinin 2 (5 2 lng) 



2i; 

T 



The solution for the second matter curve z 2 = is obtained from (4.21) by the opera- 



tions 



zi ^ z 2 , ni -H- -n 2 ( /i o / 2 ) . 



(4.21) 



4.3 Higgs wavefunctions 

The Higgs curve is the curve zi + z 2 = which corresponds to charges 

(90,91,32) = (9o,-l,-l) . 



(4.22) 



The order counting of the derivative expansion treats z\ and z 2 on an equal footing and 
so applies unaltered to this solution. Again we solve the equations of motion to O (z) 
obtaining a solution for \ to O (z 2 ). The flux terms in the equations of motion only come 
in at higher orders and so can be dropped. 

As suggested in [27], to find the solutions it is convenient to define 

w = Z\ + z 2 , u = Z\ — z 2 , 

i>w = 2 (V'i + V^) , i'u = 2 (^1 ~ ^2) , 

1 / x 1 / 

n + = 2 ( n i + n 2j , n_ = - {ni - n 2 ) , 

/+ = - ^ (fi + f 2 ) = n + u + n_u> + n + u + , 
/- = 2 ~~ ^) = n + u ' + n ~ n + ™+™ + • 



With this change of variables the equations of motion read 



w 



(1 - /+) (d w i/jyj + d u tpu) + f- (9 w ip n + d u ipu,) + ttX = , 

2v 



w 



dwX H i>w = , 



duX + —^u = 

v 



(4.23) 

(4.24) 
(4.25) 
(4.26) 
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The perturbative expansion is based on a zeroth order solution which solves the equations 
of motion for /+ = /_ = and reads [27] 



x (o) = , = J_ x <o) , 40) = Q 



(4.27) 



As we regard this as a Higgs curve, we are only concerned with a single solution so that 
the holomorphic function is just taken to be a constant. 

The equations of motion are solved to O (z) by the O (z 2 ) expression 



X = X 



X 



(2) 



¥>2 
^3 

^5 
¥>6 



(0) 



3y/2v 



w 



-n + u + 2 n + u n - w + n ~ w ) + V^vn^w ) + x^ 



w 



n 



36v 2 

+ (- 



w\w\ + 



I8v 



-w\w 



a n 2 _ , 2 V% , ,2 f 5\n + \ 



v^n 2 
24w + IQv 



36w 

1 1 2 \/2 _3 

toko u> 

1 1 8v 



8v 
7n 2 _ 



V 4 



5 9 n - 
+ «(-16l«+l " — 



n 2 . n 2 , 

h — 

12 8 



Id 



12v 



2 u> 2 |u>| 2 n + n_ — 



A ,2 V^.s/ _ 1 _ 

\w\ n+n- — w n+n- n_n+ 



1 I 1 4 — 1 -2| |2- - V^2 1 ,2 / - - \ -2- - 

t ko n + n_ H ;ru> u> n + n_ ko (2n + n_ — n + n„j id n + n_ 

12tr 12ir 12w 6f 



-- (n + n_ + n_n+) , 



n + -1 ,2 

8v 2 1 1 
2 



n: 



I6v 2 

.2 



w\w\ 



nz 



tW W — 



3\A2_, l2 

10 n+ 

8v 1 +l 

3\/2ni _ 

Wv 

3>/2nl 



-to . 



16f 2 1 1 16w 

Like the matter curve solutions this solution involves Z\ and Z2 up to second order. 



-n + n_ 



(4.28) 



4.4 Yukawa couplings 

Having calculated the perturbative wavefunctions it is possible to calculate the Yukawa cou- 
plings. The computation of the physical Yukawa couplings requires both the holomorphic 
Yukawa couplings and the normalisation of the kinetic terms. 

The kinetic terms originate from terms in the 8d Lagrangian 

J (fx — 2a; A A a"i/>, J ^xD^x A ^X- 

The contributions of these two terms should be combined to work out the normalisation 
for the actual zero mode. Evaluation of the kinetic terms is not possible in a purely 
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local framework, as it requires knowledge of the global structure of the zero modes and 
in particular the full (compact) matter curve along which the zero mode is supported. 
However it is important to note that the corrected wavefunctions induce inter-generational 
kinetic mixing since the corrections come in with powers of both z\ and z 2 ? Therefore to 
extract the physical Yukawa couplings requires a diagonalisation of the kinetic terms. The 
rank of the Yukawa matrix is unaltered by the kinetic terms and so we can analyse this 
without reference to the kinetic terms. 



The holomorphic Yukawas that appear in the superpotential are given by flUI). In [10] 



a Frogatt-Nielsen-like mechanism was proposed for generating the observed mass hier- 
archies. The observation is that the integration volume form respects two symmetries 
x U(l) 2 given by 

zi -> e i6l Zl ,z 2 -> e i02 z 2 . (4.29) 

The exponential part of the matter wavefunctions respects these symmetries and the ex- 
ponential part of the Higgs wavefunctions breaks the symmetry down to the diagonal U(l) 
given by 

( Zl + z 2 ) -> e te {z x + z 2 ) . (4.30) 

It is this U(l) that acts as a Frogatt-Nielsen-like charge since any integrals that do not 
respect it will vanish. This means that the non-exponential parts of the zero mode wave- 
functions should combine in a U(l) neutral way. For the top Yukawa coupling this occurs 
already at tree level. However since the other generations have non-trivial holomorphic 
functions g (z 2 , Z\) factors they can only form U(l) neutral combinations through higher 
order non- holomorphic corrections to the wavefunctions. The idea is that since these are 
suppressed, they naturally induce a hierarchy. 

If such a hierarchy is present, we should be able to find it using the explicit solutions for 



the wavefunctions presented in sections 4.2 and 4.3. Note that since we have only expanded 
the wavefunctions to second order in the derivative expansion we can only calculate the 
leading contributions to the Yukawa couplings Y\\, Y\ 2 , Y 2 \, Y 22 , Y31 and Y13. 

The natural variables for calculating the Yukawas are w and u as introduced in eq. 



(4.23). The non vanishing integrals all take the form 



d 2 Zl d 2 Z 2 e -Hl 21 l 2 + l^l 2 + ^l^ +22 l 2 )| w |2-| u |2n 



J - A d 2 wd 2 U e -K5M 2 + iM 2 )| w |2™| u |2« 

7r 2 ra!m!(2w)( n+m+2 V m+1 ) , (4.31) 



where we define s = \/2 — 1. Then calculating the integrals ( 2.3C| ) simply amounts to 



extracting the appropriate coefficient multiplying each I mn and summing the result. Such 
a calculation is naturally done using Mathematica. Performing this calculation we find the 



3 This is in contrast to the flux corrected wavefunctions of [27]. 
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following result 

Fu = -4avrV , (4.32) 
Yij = V(i,j) + (1,1) . (4.33) 

We therefore find that flux and metric corrected wavefunctions do not induce new Yukawa 
couplings and the Yukawa matrix remains as rank one. 

This is a rather striking result given the form of the perturbed wavefunctions. It 
hints at a symmetry underlying the vanishing of the Yukawas. In a recent paper [30] 
precisely such a symmetry principle was shown. The idea is that the gauge symmetry of 
the 8D super- Yang-Mills can be used to define a kind of generalised cohomology where 
wavefunctions that differ by a gauge transformation are identified under the cohomology. 
A representative of each cohomology class was shown to be simply the wavefunctions eval- 
uated on the localisation curve. These are just the holomorphic gi of ( 4.1SQ . Finally the 



Yukawa couplings were shown to depend just on the cohomology representatives and so 
could be evaluated simply by using the <?j. This directly gives our result ( |4.33 ) . Therefore 



(|4.33|) is a special case of a more general phenomenon for all wavefunctions that are induced 



by corrections due to gauge flux. 



5. Summary and discussion 

In this article we have studied the inter-relationship of flavour and supersymmetry in the 
context of F-theory GUTs. In the earlier part of the article we described the relationship 
between the topologically twisted theory of [2] and the canonical formulation of 8d super 
Yang-Mills theory, deriving the zero mode equations of motion from the latter. We also 
provided a dictionary between the two formalisms. The simple scaling properties of super 
Yang-Mills make it clear that metric rescalings (which include scalings of cxgut) should not 
alter the rank of the Yukawa matrix. This is also required by holomorphy consideration of 
the 4d effective supergravity theory. 

For metric and flux backgrounds we also solved the equations of motion up to second 
order in the perturbations. We found that the induced metric deformations are the leading 
corrections to the wavefunctions dominating over the flux terms. Using the explicit form 
for the wavefunctions in the vicinity of the triple intersection point we computed the 
unnormalised Yukawa couplings. We found that the wavefunction deformations did not 
affect the rank of the Yukawa matrix, which remained rank one. The fundamental reason 
for this has recently been explained in [30]. The explicit form of the wavefunctions is 
however important for non-holomorphic properties of the effective theory. 
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